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Abstract 

We investigate the mass differences AM^ in the mixing B® — B d with a 
new up-like quark t 1 in a sequential fourth generation model. We give the basic 
formulae for AMs d in this model. (1), then, we analysis the final numerical results 
of AMb s , which is the function of mf through a fourth generation CKM factor 
VJ V t > b constrained by the rare decay B — > X s l + l~ and two new Wilson coefficients 
So {x t > ) and So (xt ,x t >). We found that one kind of the new results are satisfied 
with the present experimental low-bound of AMg s . (2), we get the constraint of 
the fourth generation CKM factor V^ b V t ' d , (which is also the function of t ), from 
the experimental measurements of AM# d and give the figs, of Vj, V t > d to m t > and 
the general CKM factor VXVtd- We also give the numerical results of the Wilson 
coefficients So(x t '), So{xt,x t i) and r] t > , rj u i as the function of m t '. We also talk 
about the hierarchy of the fourth generation CKM matrix. As one of the directions 
beyond the SM, AMs d could provide a possible test of the fourth generation or 
perhaps a signal of the new physics. 
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1 Introduction 



The Standard Model (SM) is a very successful theory of the elementary particles known 
today. But it must be incomplete because it has too many unpredicted parameters 
(ninteenl) to be put by hand. Most of these parameters are in the fermion part of 
the theory. We don't know the source of the quarks and leptons, as well as how to deter- 
minate their mass and number theoretically. We have to get their information all from 
experiment. There is still no successful theory which can be descripted them with a unified 
point, even if the Grand Unified Theory]!]] and Supersymmetry[[|. Perhaps elementary 
particles have substructure ( like preon) || and we need to progress more elementary 
theories. But this is beyond our current experimental level. 

From the point of phenomenology, for fermions, there is a realistic question is number 
of the fermions generation or weather there are other additional quarks or leptons. The 
present experiments can tell us there are only three generation fermions with light neu- 
trinos which mass are less smaller than M^/2|Q but the experiments don't exclude the 
existence of other additional generation, such as the fourth generation, with a heavy neu- 
trino, i.e. m U4 > Mz/2|J|. Many refs. have studied models which extend the fermions 
part, such as vector-like quark models||, sterile neutrino models|7j and the sequential four 
generation standard model (SM4)|| which we talk in this note. We consider a sequential 
fourth generation non -SUSY model|J, which is added an up-like quark t , a down-like 
quark b , a lepton r , and a heavy neutrino v in the SM. The properties of these new 
fermions are all the same as their corresponding counterparts of other three generations 
except their masses and CKM mixing, see tab.l, 
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Table V. The elementary particle spectrum of SM4 



There are a lot of refs. about the fourth generation. Some refs. devoted to the mass 
spectrum of the fourth generation particles |J, as well as some discussed the mass bounds 
of the fourth leptons ||. There are many papers talked about other problems about 
the fourth generation fTo), [TT| , |T2|1 and the experimental search of the fourth generation 
paticles[l3|, [14J]. In our previous papers|lO|, |Tl| , we investigated the rare B meson decays 
with the fourth generation [|i~0|l and e /e in K° systems in SM4 [fLl]1 . We got some interesting 
results, such as the new effects of the 4th generation particle on the meson decays and 
CP violation. We also got the constraints of the fourth generation CKM matrix factors, 

X,7|IJ and V^V t >d from e'/e|0 



like VJ V/b from B 

i s 1 



In other words, these rare 



decays provided possible test of the fourth generation existence, as well as CP violation. 
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In this note, we talk about the mass difference AMn^ in B° — 5°i|l5l [16|| with the fourth 
generation. We will give the prediction of AM# s in SM4 and the constraints of a new 
fourth generation CKM matrix factor V t * b V t >d from AMs d in SM4. Like refs.huol,huo2, 
this note can also provide a test of 4th generation. 

Particle-antiparticle mixing is responsible for the small mass differences between the mass 
eigenstates of neutral mesons, such as AM^ in — K$ mixing and AMg d in B° — B° 
mixing. Being an FCNC process it involves heavy quarks in loops and consequently it 
is a perfect testing ground for heavy flavor physics. For example, B° — B° mixing fl7] 
gave the first indication of a large top quark mass. — K$ mixing is also closely 



related to the violation of CP symmetry which is experimentally known since 1964|[18| 
They are sensitive measures of the top quark t couplings Vu(i = d,s,b) and of the top 
quark mass m t . The experimental measurements of AB d is used to determine the CKM 
]i~5f . It offer an improved determination of the unitarity triangle with 

For physics beyond the SM, there 



matrix elements V+ 



id 
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the future accurate measurement of AMb 
are a number of studies of the new physics effects in B d decays[19|, [16], But B 

system has received somewhat less attention from new physics point of view[^l], [16], |20| 
Experimentally, AM Bd has been accurately measured, AM Bd = 0.473 ± 0.016(ps) _1 |16 

M 



But AM Bs has only lower bound, AM Bs > 14.3 (ps)' 1 ^, [23], |2 



In this note, We want to investigate AM^ 3 in B° — B° mixing in SM4. First, if we add a 
sequential fourth up-like quark t' , there produce new prediction of the the mass difference 
AMb s through the new Wilson coefficients and a fourth generation CKM matrix factor 
V t * g V t ' b , which constrained for the rare decay B — > X s j in [|1(J. We found, as like the 
analysis of B — > X s l + l~ in |10J, our results of the prediction of AMb s in SM4 are quite 



different from that of SM and can satisfy the lower experimental bound in one case of the 
values V*i V.i, taken. In another case, it is almost the same as the SM one. The new effects 



of the fourth generation show clearly in the first case. Second, we can get the constraint 
of a fourth generation CKM matrix factor, Vjf b V t ' d from the experimental measurement 
of AMB d . We get one kind of reasonable analytical solutions of VJ,V t i d . They are very 
small, —1.0 x 10 -4 < VXV t > d < 0.5 x 10~ 4 . These result don't contradicted the unitarity 
constraints for quark d, 6|24|- Moreover, This small absolute value, A -4 ~ A" 5 order, is in 

m 



agreement with the hierarchy in the CKM matrix elements [ 



It seems to give the 
We give the 



possible test of this hierarchy and the existence of the fourth generation p6 
analysis of the hierarchy in the four generation CKM matrix. 

In sec. 2, we give the basic formulae for the mass difference AMg js in B° — B° with 
the sequential fourth generation up-like quark t' in SM4 model. In sec. 3, we give the 
prediction of mass difference AMb s in SM4 and the numerical analysis. Sec. 4 is devoted 
to the numerical analysis of one fourth generation CKM matrix factor V t * b V t ' d from the 
experimental measurements of the mass difference AMs d in SM4. We also analyze the 
hierarchy of the four generation CKM matrix in this section. Finally, in sec. 5, we give 
our conclusion. 
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2 Basic formulae for AMg ds with t 



B ds — B ds mixing proceeds to an excellent approximation only through box diagrams 
with internal top quark exchanges in SM. In SM, the effective Hamiltonian H. c ff(AB = 2) 
for B ds — B ds mixing, relevant for scales /if, = 0(m b ) is given by[]I5| 



H 



AB=2 

cff 



167T 2 



M^{V: b V tq fS {x t )Q{AB = 2) + h.c. 



where Q(AB = 2) = (6 Q g, 



( 6 /39/3) 



with q 



d, s for B ds 



So(;£t) is the Wilson coefficient which is taken the form Hl5 



S (x t ) 



41 



3 
2 



.r,)- i (l-2t) 3 

where 

diagonal element in the neutral 5-meson mass matrix 

rd,S I 



Inx, 



respectively and 



(2) 



rrit/Myy The mass differences AM^ S can be expressed in terms of the off- 



2rn Bd \M\ 



AM d „ 

d.s 
12 



2|Mr 2 1 

|<B° JK ff (A5 = 2)K s ). 



(3) 



Now, we turn to the case of SM4. If we add a fourth sequential fourth generation up- 
like quark t' , the above equations would have some modification. There exist other box 
diagrams contributed by t (see fig. 1), similar to the leading box diagrams in MSSMpO 



The effective Hamiltonian in Standard Model, eq.(l), chang into the form[2? 



n% B=2 = -^M 2 w h(v; b v tq ys (x t ) + 

+ Vt' (V t \V tlq fS,{x' t ) + Vtt , {V t \V u ) ■ (V*V tq )S (x t , x' t )]Q(AB = 2) + h.c. (4) 
The mass differences AM^ in SM4 can be expressed 

AM, = ^M^m Bd (B Bd ^[r h (V^V td ) 2 S (x t ) + 

+ vAV t r b V t > d ) 2 S (x t ,) +VtAV t ? b V t , d ) ■ (V t tV td )S (x t ,x t ,)} (5) 

AM, = ^M 2 w m B SB Bs Fl)[ Vt (V t lV ts ) 2 S (x t ) + 

+ ^(y t h V t's) 2 So(x t ')+r] t AV t r b V t/s ) ■ (V t tV ts )S (x t ,x t >)] (6) 

where (B Bg F^J = ^ ■ (B Bd F^ d ). The new Wilson coefficients So(x t >) present the con- 
tribution of t', which like So(x t ) SM in eq. (5) except exchanging t' quark not t quark. 
So(x t , x f /) present the contribution of a mixed t — t', which is taken the form|2"8| 

S {x,y) = x-y[ — (j + o'T - 7'77~^2~ lnx + 

y — x 4 2 1 — x 4 (1 — x) z 

+ (»"*>-!• a -,)(i- y) ' (7) 
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where x = x t = mf/Myy, y 
So(x t ,x t i) is shown on the tab. 2. 



rn?,/Myv- The numerical results of Sq(x#) and 



m' t (GeV) 


50 


100 


150 


200 


250 


300 


350 


400 


450 


500 


S (x t >) 
S (x t ,x t ') 


0.33 
0.48 


1.07 
-7.03 


2.03 
-4.94 


3.16 
-5.09 


4.44 
-5.39 


5.87 
-5.87 


7.47 
-5.99 


9.23 
-6.25 


11.15 
-6.49 


13.25 
-6.72 


m' t (GeV) 


550 


600 


650 


700 


750 


800 


850 


900 


950 


1000 


S (x t ,x t >) 


15.52 
-6.92 


17.97 
-7.11 


20.60 
-7.28 


23.41 
-7.44 


26.40 
-7.60 


29.57 
-7.74 


32.93 
-7.87 


36.47 
-7.99 


40.96 
-8.12 


44.11 
-8.23 



Table 2: The Wilson coefficients So(xf) and So(x t ,x t >) to m t ' 

The short-distance QCD correction factors r) t > and r\ ti > can be calculated like rj c and rj ct in 
the mixing of K° — K°, which the NLO values are given in ref s 1 15|, |27|, relevant for scale 
not 0(fi c ) but (//&). In leading-order, r\ t is calculated by 



Vt = Mfh)] 



(6/23) 



a s (M z )[l + 2^(/9 — In , 

Ztt fit 



n=l 



with its numerical value in tab. 3. The formulae of factor is similar to the above 
equation except for exchanging t by t .In ref. ||26|| , to leading order, r) tt > was taken as 

(9) 



with value 0.58 for the same as for r]B in K° — K°. For simplicity, we take r] tt / = r] t >. We 
give the numerical results in tab. 4. 



m;(GeV) 


50 


100 


150 


200 


250 


300 


350 


400 


450 


500 


Vt' 


0.968 


0.556 


0.499 


0.472 


0.455 


0.443 


0.433 


0.426 


0.420 


0.416 


m' t (GeV) 


550 


600 


650 


700 


750 


800 


850 


900 


950 


1000 


Vt' 


0.412 


0.408 


0.405 


0.401 


0.399 


0.396 


0.395 


0.393 


0.391 


0.389 



Table 3: The short-distance QCD factors r] t > , %'(= r) t >) to m t ' 

In the last of this section, we give other input parameters necessary in this note. (See the 
following tab.). 



3 Prediction of AM B with t 



Experimentally, the mass difference AM Bs of the B° - B° mixing is unclear. It has 



only low bound, AMg P > 14.3 (ps) |23[. We have given the calculation formula of 
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m c (m c (pole)) 


1.25±0.05GeV 


M w 


80.2GeV 


m t {m t {pole)) 


175GeV 




215 ± 40MeV 


AM Bd 


(0.473 io.oie)^)- 1 




1.14 ±0.06 


AM Ba 


> 14.30s)- 1 ' 




1.166 x 10- 5 GeV~ 2 



Table 4: Neumerical values of the input parameters ]TB . 



AM Bs in eq. (6) and the numerical results of Wilson coefficients Sq and QCD correction 
coefficients 77. Now, if we constrain the fourth generation CKM factor VJ b V t > s , we can 



predict AM Bs in our four generations model. Fortunately, from our previous paper flO 
we have given the constraints of V^Vt's from experimental measurements of B 
Here, we give only the basic scheme and the final numerical results. 



The leading logarithmic calculations can be summarized in a compact form as follows 

Br(B 



15 



R, 



quark 



\V*V I 2 
I V ts v tb\ 



Qa 



\Cf 



(10) 



Br(B -> X c eu e ) {V^ 2 nf(z) 

In the case of four generation there is an additional contribution to B — > Xg'j from the 
virtual exchange of the fourth generation up quark t . The Wilson coefficients of the 
dipole operators are given by 



(SM)eff, 



V t r s V t'b r (A)cS ( 



ID 



where C^g (//j,) present the contributions of t' to the Wilson coefficients, and Vj V t > b 
are the fourth generation CKM matrix factor which we need now. With these Wilson 
coefficients and the experiment results of the decays of B — > X s 7 and BriB — ► X c ev e ) 
(|29"| , 24], we obtain the results of the fourth generation CKM factor V* V t > b . There exist 



two cases, a positive factor and a negative one: 



(+) 



t s t b 



ib 



(-) 





-Rquark | ^cfe 


\**f(z) 




\v t *v tb 


2 6a 




-Rquark | ^cb 


Hf(z) 


~\ 


\v t * s v tb \ 


2 6a 



r ,(SM)eff/ \ ~i V t *Vib 
Wb)\ (4)eff 
L- 7 



-C K 7 



(SM)efT 



MY 



;i2) 



(13) 



as in table. 3. With these values, we can give the prediction of AM Bs in SM4 by the 
figs. 2. It is very interesting that the fanal analytic result is same as that in decay of 
0. 



B -> XJ+l 



The mass difference AM Bs in the two cases of V t > b are shown in the figs. 2(a) and 2(b) 
respectively. In the first case, which the value of V^V t > b takes positive, i.e. (VJ s V t ~ b ), the 
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m t > (Gev) 


50 


100 


150 


200 


250 


300 


350 


VJ V)Z 7 10 

t s to' 

vj v}; } /io- 3 

t s t b 1 


-11.591 
3.564 


-9.259 
2.850 


-8.126 
2.502 


-7.501 
2.309 


-7.116 
2.191 


-6.861 
2.113 


-6.580 
2.205 


m t ' (Gev) 


400 


500 


600 


700 


800 


900 


1000 


vj v^/w- 2 

t s to 1 

v; vov/io- 3 


-6.548 
2.016 


-6.369 
1.961 


-6.255 
1.926 


-6.178 
1.902 


-6.123 
1.885 


-6.082 
1.872 


-6.051 
1.863 



Table 5: The values of Vf a ■ V t ' b due to masses of t for Br(B -> X s7 ) = 2.66 x 10~ 4 



curve of AMb s to m t i is almost overlap with that of SM. That is, the results in SM4 are 
the same as that in SM, except a peak in the curve when m t ' takes value about 170GeV. 
The reason is not because there is new prediction deviation from the SM but only because 
there is a term of (x — y) in denominator of the formulae of eq. (7). In this case, it does 
not show the new effects of t . The mass difference AMg s is nathless unclear. Also, we 
can not obtain the information of existence of the fourth generation from AMb s , although 
we can not exclude them either. This is because, from tab. 5, the values of VJ vj~^ are 

t s to 

positive. But they are of order 10 -3 and is very small. The values of V t * s V tD are about ten 



times larger than them (V t * s = 0.038, V t b = 0.9995, see ref. [p4] ). Furthermore, the last 
two terms about m t ' in eq. (6) are approximately same order. The contribution of them 
counteract each other. 

But in the second case, when the values of V*V t i b are neg ative, i.e. (V t ?vj~ ] ). The curve 
of AMb s is quite different from that of the SM. This can be clearly seen from fig. 2(b). 
The enhancement of AMb b increases rapidly with increasing of t quark mass. In this case, 
the fourth generation effects are shown clearly. The reason is that VfVff is 2-3 times 
larger than V t * s V t b so that the last two terms about m t ' in eq. (6) becomes important and 
it depends on the t mass strongly. Thus, the effect of the fourth generation is significant. 
Meanwhile, The prediction of AMb s in SM4 can satisfy the experimental low bound of 
AM Ba > 14.3(ps _1 ). So, the sequential fourth generation model could be one of the ways 
of searching new physics about AM Bs - If VJ V t ' b choose this case, the mass difference 
AMb s in B° — B° mixing could be a good probe to the existence of the fourth generation. 



4 Constrains of the fourth generation CKM factor 
VJ, V t ' d from experimental measurements of AM^ 

Unlike AMb s , the mass difference AMs d of B^—B® mixing is experimental clear, AM B xp = 
0.473 ± 0.016(ps) _1 |T^|. We can get the constraints of the fourth generation CKM factor 
V£ b V t ' d from the present experimental value of AM Bd . 
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We change the form of eq. (5) as a quadratic equation about Vj,V t i d . By solving it , 

we can get two analytical solution VJ.Vj 1 ? (absolute value is the large one) and d V?) 
(absolute value is the small one), just like the other 4th generation CKM matrix factor 
V t JVjf Q in last section. 

However, experimentally, it is not accurate for the measurement of CKM matrix element 



Vtd 15, E4J. So, we have to search other ways to solve this difficulty Fortunately, the 



CKM unitarity triangle JHJ, i.e. the graphic representation of the unitarity relation for 



d, b quarks, which come from the orthogonality condition on the first and third row of 

VcKM, 

v ud v: b + v cd v; b + v td v; b = o, (u) 

can be conveniently depicted as a triangle relation in the complex plane, as shown in the 
fig. 3(a). 



From the above equation, we can give the constraints of VtdV^lplfl, 

0.005 < \V td V* b \ < 0.013 (15) 
Then, we give the final results as shown in the figs. 4(a) and 4(b). 

(2\ 

We must announce that figs. 4 only show the curves with V^ d V) b (absolute value is the 

small one) firstly. Because the absolute value of V£ d Vfi is generally larger than 1. This is 
contradict to the unitarity of CKM matrix. So, we don't think about this solution. From 
the figs. 4, we found all curves are in the range from —1 x 10~ 4 to 0.5 x 10 -4 when we 
considering the constraint of V t dV* b . That is to say, the absolute value of Vj V 1 / b is about 
~ 10~ 4 order. This is a very interesting result. 

First, these CKM matrix elements obey unitarity constraints. With the fourth generation 
quark t , eq. (12) change to , 

KdVub + v; d v cb + v; d v tb + v t i d v t>b = o. (ie) 

This a quadrilatral, (see fig. 3(b)). We take the average values of the SM CKM matrix 
elements from Ref. ||24|| . The sum of the first three terms in eq. (12) is about ~ 10~ 2 



order. If we take the value of VJ V$ the result of the left of (14) is better and more 

(2) (2) 

close to than that in SM, when VJ Vj, takes negative values. Even if VI V), takes 

t s t b ° t s t b 

(2) 

positive values, the sum of (16) would change very little because the values of V^ d V^ b 
are about 10~ 4 order, two orders smaller than the sum of the first three ones in the left 
of (14). Considering that the data of CKM matrix is not very accurate, we can get the 
error range of the sum of these first three terms. It is much larger than V£ d V), . Thus, in 
the case the values of V3 d V t > b satisfy the CKM matrix unitarity constraints. 

Second, this small order of V t 7 d V t > b doesn't contradict to the hierarchy of the CKM matrix 



elements or the quarks mixing angles^. |32[. Moreover, it seem to prove the hierar- 



chy. The hierarchy in the quarks mixing angles is clearly presented in the Wolfenstein 
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parameterization [25] of the CKM matrix 



Let's see CKM matrix firstly, 




■ • \ / 1 A A 3 
-A f A 2 
■• ~ A 3 -A 2 f 



(17) 



/ 



with A = sin 2 # = 0.23. Now, the hierarchy can be expressed in powers of A. We found, 
the magnitudes of the mixing angles are about 1 among the same generations, V u d, V cs 
and Vtb- For different generations, the magnitudes are about A order between 1st and 
2nd generation, V us and V c d, as well as about A 2 order between 2nd and 3rd generation, 
V c b and Vts- The magnitudes are about A 3 order between the 1st and third generation, 
V u b and Vtd- Then, there should be an interesting problem: If the fourth generation 
quarks exist, how to choose the order do the magnitude of the mixing angles concern the 
fourth generation quarks? Because there is not direct experimental measurement of the 
fourth generation quark mixing angles, one have to look for other indirect methods to 
solve the problem. Many refs. have already talked about these additional CKM mixing 
angles]^, 0, ||, |TJJ], like the vector-like quark models||, the four neutrinos models[|7j and 
the sequential four generations models||. For simple, we give a guess for the magnitude 
of the fourth generation mixing angles. Similar to the general CKM matrix elements 
magnitude order, the fourth generation ones are about A 4 ~ A 5 order between the 1st and 
4th generation, such as V t > d , as well as A 2 ~ A 3 between the 2nd and 4th generation, such 
as V t ' s . For the mixing between the 3rd and 4th generation quarks, such as V t ' b , we take 
the magnitude as 1 because the mass of the fourth generation quark t is the same order, 
10 2 , as the top quark t. So V t ' b should take the order of V t b- Then, the magnitude order 
of the fourth generation CKM factor Vf d V t ' b is about A 4 ~ A 5 , i.e. < A 4 . From figs. 4, we 

(2) 

found that the numerical results, VJ d V) , satisfy this guess. 

At last, the factor Vj? d V t ' b constrained from AMs d does not contradict to the CKM matrix 
texture. Moreover, it seem to support the existence of the fourth generation. 



5 Conclusion 

In this note, we have investigated the mass differences AM# d s in the mixing B^ s — B^ s 
with a new up-like quark t' in a sequential fourth generation model. We give the basic 
formulae for AMs d s in this model and calculated the new Wilson coefficients Sa(m t > /mw) 
and So(m t < /mw) in the effective AS = 2 Hamiltonian We also calculated the short dis- 
tance QCD factors n t > and n u >. With these values, first, we analysis the final numerical 
results of AMb s , which is the function of m t i through a fourth generation CKM factor 
VJ V t > b . This factor was constrained from the rare decay B — > X s 7 and had two kinds of 
numerical results. We found the new results in SM4 were almost same as in SM with one 
case of VjjV t i b numerical values and satisfied with the present experimental low-bound of 
AMb s in other case. We gave the figs of AMb s to m t > and the numerical analysis. Sec- 
ond, we investigated the mass difference AM Bd to get the constraint of the other fourth 
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generation CKM factor V^ b V t i d , (which is the function oft), from the experimental mea- 
surements of AMs d - We first got the constraints of the general CKM factor V^ b V t d from 
the CKM unitarity triangle. Then we give the figs, of VJ b V t ' d to the mass of t and to the 
general factor V t * d V t b and the numerical analysis too. We also talked about the texture of 
the fourth generation CKM matrix. 

The fourth generation quark t will give obviously new effects on the mass difference 
AMB d3 if it really exists. At least, the present experimental statue of AMs ds could 
not exclude the space of the fourth generation, Furthmore, the progress of theoretical 
calculation and experimental measurement AMs ds could provide the strong test of the 
existence of the fourth generation. In other words, as one of the directions beyond the 
SM, AM Bd a could provide a possible test of the fourth generation or perhaps a signal of 
the new physics. 
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Figure 2: Prediction of AMg s to m t > in SM4 when V t J s V t /b takes (a) positive and (b) 
negative values. 




Figure 3: (a) Unitarity triangle for d, b quarks in Standard Model and (b) Unitarity 
quadrilatral in Sequential 4th Generation Model. 
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Figure 4: Constraint of the 4th generation CKM factor VJ V t ' h to (a) |VtdV^| with m t / 
range from 50GeV to 800GeV, (b) to m t > with \V td V t * b \ range from 0.005 to 0.013. 
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